We study possible saturation effects in the total cross-sections describing interaction of ultrahigh energy neutrinos with nucleons. This analysis is performed within the two approaches, i.e. within the Golec-Biernat Wüsthoff saturation model and within the scheme unifying the DGLAP and BFKL dynamics incorporating non-linear screening effects which follow from the Balitzki-Kovchegov equation. The structure functions in both approaches are constrained by HERA data. It is found that screening effects affect extrapolation of the neutrino-nucleon total cross-sections to ultrahigh neutrino energies E ν and reduce their magnitude by a factor equal to about 2 at E ν ∼ 10 12 GeV . This reduction becomes amplified by nuclear shadowing in the case of the neutrino-nucleus cross-sections and approximate estimate of this effect is performed.
Introduction
Ultrahigh energy neutrinos are one of the components of the spectrum of particles that reach Earth. As they interact weakly with matter their propagation through interstellar space is not attenuated. This is the reason why they are unique carriers of information about distant objects such as GRB (Gamma Ray Bursts), AGN (Active Gallactic Nuclei) etc. which are most probably their sources. This information can be studied by neutrino telescopes [1] . Attenuation of neutrinos traversing the Earth and their detection depend upon the crosssections describing the interaction of neutrinos with nucleons and atomic nuclei. Ultrahigh energy neutrino interactions with nucleons are sensitive upon the behaviour of the nucleon structure functions at extremely small values of the Bjorken parameter x and relatively large scales Q 2 ∼ M 2 W [2, 3, 4, 5] . Here, as usual x = Q 2 /(2pq), where Q 2 = −q 2 with p and q denoting the four momentum of the nucleon and four momentum transfer between the leptons in the inelastic neutrino -nucleon interaction respectively. The values of x which can be probed can be several orders of magnitude smaller than those which are currently accessible at HERA [6] and, for instance for neutrino energies E ν ∼ 10
12 GeV typical values of x which contribute to the neutrino cross-sections can be as small as x ∼ 10 −8 . Reliable estimate of the ultrahigh energy neutrino cross-sections does therefore require reliable extrapolation of the structure functions towards the region of very small values of x and large Q 2 , i.e. far beyond the region which is currently accessible. Existing estimates of the neutrino cross-sections with structure functions constrained by HERA data are based on either DGLAP [2, 4, 5] or extended BFKL [3] linear evolution which neglects non-linear screening effects [7, 8, 9, 10, 11, 12, 13, 14] . Those effects are in general expected to slow down the increase of the parton distributions and of the cross sections with decreasing x and to reduce their magnitude. Possible implications of screening effects for the estimate of the ultrahigh energy cross-sections have recently been discussed in ref. [15, 16, 17, 18] with somewhat conflicting conclusions. Thus in refs. [15, 16] it has been claimed that the screening effects should play negligible role in the estimate of the ultrahigh energy neutrino cross-sections due to the dominance of relatively large scales Q 2 ∼ M 2 W . On the contrary results obtained in ref. [18] seem to imply that they may be significant and, moreover,when combined with the BFKL dynamics can even lead to enhancement of the cross-sections.
The purpose of this paper is to present relatively detailed and realistic estimate of the impact of the screening effects on the cross-sections desribing interaction of ultrahigh energy neutrino interactions. We perform this analysis within the two frameworks which incorporate screening effects, i.e. the Golec-Biernat-Wüsthoff (GBW) model [19] and the unified BFKL/DGLAP scheme [3, 20] supplemented by the non-linear term in the corresponding evolution equations. This term will be obtained from the non-linear part of the Balitzki-Kovchegov (BK) equation [12, 13] . In both cases the parton distributions and the resulting cross-sections will be constrained by the HERA data. The content of our paper is as follows. In the next Section we recollect basic formulas describing the deep inelastic neutrino-nucleon scattering. In Section 3 we discuss description of deep inelastic scattering within the dipole picture and present results for neutrino cross sections calculated within the GBW model. Section 4 contains formulation of unified BFKL/DGLAP evolution equations supplemented by nonlinear screening effects and results for neutrino cross sections calculated within this approach. Section 5 contains summary and conclusions.
2 Basic formulas describing the deep inelastic neutrino scattering.
The deep inelastic neutrino scattering is illustrated by the diagram in Fig. 1 . It can proceed Figure 1 : Deep inelastic scattering.
through W ± or Z 0 exchanges that corresponds to charged current (CC) or neutral current (NC) interactions respectively. The charged current interactions correspond to the processes ν + N → l − + X (ν + N → l + + X) with charged leptons l ± in the final state while the neutral current interactions correspond to the processes ν +N → ν +X (ν +N →ν +X). The standard kinematical variables describing these processes are:
where M is the nucleon mass, E denotes the neutrino energy while p and q are the four momenta of the nucleon and of the exchanged boson respectively. The cross-sections describing the deep inelastic neutrino scattering are expressed in the following way in terms of the structure functions
where G F is the Fermi constant and M i denotes the mass of the charged (W ± ) or neutral (Z 0 ) gauge boson.
In the QCD improved parton model the structure functions F 2,3 (x, Q 2 ) are expressed in terms of the (scale dependent) quark and antiquark distributions [23] . Thus for the isoscalar target N = n+p 2
we have:
where the chiral couplings can be expressed in terms of the Weinberg angle θ W
The quantities which are relevant for the quantitative description of the penetration of ultrahigh energy neutrinos through Earth and their detection are the neutrino cross-sections integrated over available phase space at the given neutrino energy. These integrated crosssection are given by:
with y = Q 2 /(xs). In equation (8) we have introduced the minimal value Q 2 min of Q 2 in order to stay in the deep inelastic region. In our calculations we set Q 2 min = 1GeV
2 . In the "low" energy region s < M 2 i the integrated cross-sections rises linearly with E and in this region interaction with valence quarks dominates. In the high energy region the contribution of valence quarks saturates and the energy dependence of σ CC,N C ν,ν (E) is driven by the small x behaviour of the sea quark distributions [3] . It is this part of the cross-sections which will be analysed in our paper.
Existing numerical estimates of the ultrahigh energy cross-sections are based upon extrapolation of parton distributions towards the very small x region using linear (DGLAP and/or BFKL) QCD evolution equations [2, 3, 4] . At small x the dominant partons are the gluons and the sea quark distributions are driven by the gluons through the g →transitions. The linear QCD evolution generates indefinite increase of gluon distributions with decreasing x that implies similar increase of the sea quark distributions and of the structure functions
2 ). This increase is tamed by the non-linear screening effects which lead to saturation [7] - [13] . Efficient way of introducing saturation can be realised using the colour dipole framework in which the DIS at low x is viewed as the result of the interaction of the colourdipole which the gauge bosons fluctuate to as illustrated in Fig. 2 . Very succesful Figure 2 : Schematic representation of the dipole picture [19] . semiphenomenolgical analysis of ep DIS at low x has been performed within this framework by Golec-Biernat and Wüsthoff [19] and in the next Section we apply this model for the estimate of the saturation effects in the ultrahigh energy neutrino cross-sections.
3 DIS in the dipole picture and ultrahigh energy neutrino interactions
The DIS structure functions in the dipole picture can be written in the following form [19] :
In this equation r denotes the transverse size of thedipole, z the longitudinal momentum fraction carried by a quark andψ
T,L (r, z, Q 2 ) are proportional to the wave functions of the (virtual) charged or neutral gauge bosons corresponding to their transverse or longitudinal polarisation (F
2 ) are given below. The cross-section σ d (r, x) describes interaction of the colourdipole with the nucleon. In the GBW model σ d (r, x) has the following form:
The most crucial element in this model is the adoption of the x-dependent saturation radius R 0 (x) which scales theseparation in the dipole cross-section. Saturation radius is the decreasing function with decreasing x and is parametrised as below:
with Q 2 0 = 1GeV 2 . The three parameters of the model σ 0 , λ and x 0 were fitted to inclusive DIS data from HERA for x < 0.01. We shall use the following values σ 0 = 29.12mb, λ = 0.2777 and x 0 = 0.41 × 10 −4 which were obtained from the fit with four flavours.
In the limit r → ∞ we have σ d → σ 0 , i.e. the dipole cross-section exhibits saturation property. The fact that the dipole cross-section is limited by the energy independent cross-section can be regarded as the unitarity bound. In the limit r → 0 the dipole cross-section vanishes reflecting the colour transparency.
The GBW model, which has proved to be phenomenologically very succesful in describing HERA data and has embodied saturation can be used for the estimate of the UHE neutrino cross-sections. In our calculation of UHE neutrino-nucleon cross-section we consider only four flavours (u, d, s, c). The correspondingdipoles which contribute to Cabibbo favoured transitions are ud(dū), cs(sc) for charged currents and uū, dd, cc, ss for neutral currents respectively. In our calculations we shall assume massless quarks. This approximation is reasonable for very high energy neutrinos. Possible contrtibution of heavy quarks (b, t) where the mass parameters cannot be neglected is found to be relatively small [3] .
The dipole model describes well the deep inelastic scattering at small x, but it becomes inaccurate at large and moderately small values of x. This is closely linked with the fact that it neglects theoretical expectations concerning behaviour of quark distributions in the x → 1 limit. This effect can be approximately taken into account by multiplying the structure functions by a factor (1−x) 2ns−1 which follows from the constitutent counting rule where n s denotes the number of spectator quarks. Since the dipole model represents the sea quark contribution we set n s = 4.
The functionsψ
2 ) corresponding to the sum over dipoles corresponding to massles quarks are given by the following formulas:
and K 0,1 (u) are the Mc Donald's functions.
In Figures 3 and 4 we show results for the ultrahigh neutrino cross-sections calculated within the GBW saturation model and confront them with the estimate based upon the unified BFKL/DGLAP framework which ignored saturation effects [3] . We can see that the crosssections calculated within the GBW model are at ultrahigh energies E ∼ 10 12 GeV about a factor two smaller than those which were estimated within the scheme incorporating BFKL and DGLAP evolution without screening corrections. It should however be remembered that the GBW model has been tested phenomenologically for relatively low values of Q 2 and that it requires corrections incorporating DGLAP evolution [21] . It is therefore necessary to perform an estimate of the neutrino cross-sections within the scheme that would include saturation effects together with complete QCD evolution as it will be described in the next Section.
4 Unified BFKL/DGLAP evolution with nonlinear screening effects and ultrahigh neutrino cross-sections
We have shown in the previous Section that the ultrahigh energy neutrino cross-sections based upon the GBW saturation model are at very high neutrino energies (E > 10 12 GeV ) about a factor two smaller than those calculated from the linear QCD evolution equations. It can however be expected that part of this reduction may just be caused by the fact that the GBW model does not correctly include the QCD evolution effects [21] . Let us recall that the dominant contribution to the neutrino cross sections comes from the region
where the simple GBW model may not be sufficiently accurate. It would therefore be desirable to discuss the ultrahigh energy cross-sections within the framework which contains both the QCD evolution effects and saturation. It is also of course very important that this framework should be based upon realistic parton distributions constrained by HERA data. The framework should also contain all the QCD expectations concerning the small x behaviour which follow from the BFKL dynamics as discussed, for instance, in ref. [20] . We shall therefore use the scheme developed in ref. [20] containing the unified BFKL/DGLAP dynamics with subleading BFKL effects taken into account and supplement it by the screening contributions for the gluon distributions. To be precise we shall include the non-linear screening term in the corresponding equation for the unintegrated gluon distribution f (x, k 2 ), where k 2 is the transverse momentum squared of the gluon [20] . The structure functions are then calculated from the unintegrated gluon distributions using the k t factorisation prescription [25] . The extended system of the evolution equations with screening effects included then reads:
The first three lines in equation (17) describe the linear unified BFKL/DGLAP evolution [20] . Thus the second line of this equation corresponds to the BFKL evolution [7, 26] . The constraint Θ
reflects the so called consistency constraint [27] which generates dominant part of the subleading BFKL corrections [28, 29] . The two terms in the third line in eq. (17) correspond to the DGLAP effects generated by that part of the splitting function P gg (z) which is not singular in the limit z → 0 and by the quarks respectively, with Σ(x, k 2 ) corresponding to the singlet quark distributions
where V, S uds and S c denote the valence, the light sea quark and the charmed quark distributions respectively. The inhomogeneous termf
The nonlinear screening contribution is given by the last term in equation (17) where R denotes the radius within which the gluons are expected to be concentrated. The structure of this contribution follows from the Balitzki-Kovchegov equation [12, 13] adapted to the unintegrated gluon distribution f (x, k 2 ) [24] and the details concerning the structure of this term are briefly discussed in the Appendix A. The sea quark distributions which describe the structure functions are calculated from the unintegrated gluon distributions using k t factorisation.
Unlike the case of the leading ln(1/x) approximation equation (17) cannot be reduced to the evolution equation in ln(1/x) that makes its numerical analysis rather cumbersome. This complication comes from the fact that the subleading BFKL effects and the non-singular DGLAP contribution introduce nontrivial z dependence of the kernel. We have however observed that at small x linear version of equation (17) can be very well approximated by an (effective) evolution equation in ln(1/x) with the boundary condition provided at some moderately small value of x (i.e. x = x 0 ∼ 0.01). The latter is obtained from the solution of linear version of equation (17) in the region x > x 0 . To be precise we have observed that at small x we can make the following approximations:
1. The consistency constraint Θ(k 2 /z−k ′2 ) of the BFKL kernel responsible for the subleading BFKL effects is replaced by the following effective (z independent) term
This replacement is motivated by the structure of the consistency constraint in the moment space, i.e.
2. We make the following replacement:
whereP gg (ω) is a moment function of zP gg (z) − 2N c , i.e.
This approximation corresponds to keeping the leading term in the expansion ofP gg (ω) around ω = 0 that is a standard approximation at low x [30] .
3. We neglect the quark contribution in the right hand side of equation (17).
Using these approximations equation (17) can be rearranged into the following form:
where
and
Following ref. [20] we set k 2 0 = 1GeV 2 . The method of the solution of equation (24) is described in the Appendix B.
At first we solved the linear version of equation (24) with the non-linear term neglected starting from the initial conditions at x = 10 −2 obtained from the solution of the exact equation. The parameter ω ef f was then obtained by fitting the solution of the linear version of approximate equation (24) to the solution of linear version of exact equation (17) of the unified BFKL/DGLAP framework. This procedure gives ω ef f = 0.2. It turns out that the solution of the linear version of the approximate equation (24) reproduces the solution of the linear version of equation (17) within 3% accuracy in the region 10 −2 > x > 10 −8 and 2GeV 2 < k 2 < 10 6 GeV 2 ). We next solved the non-linear equation (24) setting R = 4GeV −1 . The quark distributions defining the structure functions F CC,N C 2,L were calculated from the k t factorisation [3, 20] 2xq(x,
where the impact factors corresponding to the quark box contributions to gluon-boson fusion process are the same as those used in ref. [20] (see also [31] ), i.e.:
where κ ′ = κ − (1 − β)k and
To be precise in the calculation of the (effective) quark distributions appearing in the charged current structure function we use the impact factors (29) corresponding to the massles quarks and the (charmed) quark mass effects are included in the threshold factors:
The k t factorisation formulas (28, 29) contain subleading ln(1/x) effects coming from the exact kinematics of the gluon-boson fusion process [32] . Complete NLO corrections to the impact factors are discussed in [33] . In the impact factors corresponding to the neutral currents we use equation (29) with m u = m d = m s = 0 and m c = 1.4GeV . We also include non-perturbative contributions according to the prescription defined in ref. [20] . The valence quark distributions were taken from ref. [22] . In Figures 5 and 6 we show results of our calculation for
ν (E) with and without screening corrections included and confront them with our previous estimate based upon the GBW model. We can see that Reduction of the magnitude of the neutrino cross-section is the consequence of the fact that the non-linear screening effects slow down increase of the structure functions with decreasing x. In Fig. 7 we show the charged current structure function F CC 2 (x, Q 2 ) plotted as the function of x at Q 2 = M 2 W with and without screening corrections included. We can see that the screening effects reduce the magnitude of F
by almost a factor equal to two. The screening effects in structure functions are generated through k t factorisation by the screening effects in the unintegrated gluon distribution f (x, k 2 ) which satisfies the non-linear equation (24) . The non-linear screening corrections generate the critical line Q 2 c (x) which increases with decreasing x which divides the k 2 , x plane into the two regions. In the region
is a slowly varying function of x and k 2 . In this region the unintegrated gluon distribution becomes then much smaller than the solution f l (k 2 , x) of the linear version of equation (24) which behaves approximately as f l (k 2 , x) ∼ x −λ with λ ∼ 0.3 over the entire region of k 2 [3, 20] . In the region k 2 > Q 2 c (x) the non-linear screening contribution in the right hand side of equation (24) becomes less important than the linear term and can be neglected for k 2 >> Q 2 c (x). The magnitude of the unintegrated distribution continues to be significantly smaller than f l (x, k 2 ) over substantial range of k 2 . To be precise we have 2 ) is plotted as the function of
The screening effects do therefore significantly reduce the corresponding contribution to the k t factorisation integrals (28) coming from the region k 2 0 < k 2 <Q 2 (x). The integral over this region gives of course part of the leading twist contribution to the structure functions F CC,N C 2 (x, Q 2 ) that does not vanish at large Q 2 . This result that the screening effects at the structure function F 2 are appreciable even at such a large value of Q 2 ∼ M 2 W comes therefore from the fact that the screening effects contribute to the leading twist part of F CC,N C 2 (x, Q 2 ). The fact that the screening effects at F
W and very small x (x ∼ 10 −8 ) implies that they may in turn have non-negligible influence on the ultrahigh energy neutrino cross-sections. It is this fact which makes our results significantly different from those presented in refs. [16, 17] where the saturation effects were confined to the modification of the structure functions in the saturation region Q 2 < Q 2 c (x) only. The corresponding contribution to the UHE neutrino cross-section coming from the integral over this region in equation (8) is very small and so modifications of the structure functions in the saturation region alone have negligible impact on the UHE cross-sections [16, 17] .
The fact that the cross-sections are sensitive upon the behaviour at very small x and large scales Q 2 ∼ M 2 W implies that the effects which are formally subleading in ln(1/x) but can significantly affect both the ln(1/x) and Q 2 evolutions cannot be neglected. We illustrate this point (32) is equivalent to the requirement ξ(k 2 , x) << 1
in Fig. 8 where we show F
W calculated within three approximations: the leading ln(1/x) BFKL framework, the extended BFKL framework which includes the subleading ln(1/x) effects generated by the consistency constraint and the unified BFKL/DGLAP scheme which includes besides the BFKL dynamics with subleading effects also the complete DGLAP evolution. The latter two frameworks contain effects which are subleading at low x. W obtained from unified BFKL/DGLAP evolution, extended BFKL evolution and LO BFKL evolution. Extended BFKL evolution corresponds to the BFKL equation with subleading effects generated by the consistency constraint but without the DGLAP effects.
For simplicity of presentation the non-linear screening effects are neglected in all three cases. We can see that both subleading ln(1/x) effects play very important role and significantly reduce the magnitude of the structure function at large scale Q 2 ∼ M 2 W and very small values of x ∼ 10 −8 . Including these effects together with screening contribution is therefore important for getting a reliable extrapolation of the structure functions into the region of very small values of x and large scales.
Discussion of the cross-sections performed so far concerned screening effects on a nucleon target. In the case of the neutrino-nucleus inelastic scattering further reduction of the magnitude of the total neutrino cross-sections due to nuclear shadowing is expected [36] . In order to perform an indicative estimate of the possible nuclear shadowing effects for different values of the atomic numbers A we just modify the strength of the non-linear of the non-linear term in eq. (17) by a factor A 1/3 . In Fig. 9 Figure 9 : The prediction for the neutrino nucleus CC cross section obtained from unified BFKL/DGLAP equation suplemented by screening effects. Cross section is calculated for diffrent atomic numbers and normalised to nucleon. For comparison we also present results for neutrino nucleon CC cross section based on the (linear) unified BFKL/DGLAP evolution.
Summary and conclusions.
In this paper we have performed analysis of possible implications of the screening effects on the extrapolation of the neutrino-nucleon cross sections towards the ultrahigh energy region. Behaviour of the cross-sections in this region probes the structure functions at very small values of x and relatively large scales
The values of x which can be probed can be as small as 10 −8 and it may be expected that parton densities in this ultra small x region should be affected by non-linear screening effects which tame the indefinite increase of parton distributions generated by linear (BFKL and/or DGLAP) QCD evolution. At first we have performed an estimate of the total neutrino-nucleon cross sections within the Golec Biernat -Wüsthoff saturatuion model. In this model the deep inelastic lepton scattering is viewed as the result of the interaction of the colourdipoles which the gauge boson fluctuates to.
Important ingredient of the model is the fact that it incorporates saturation property of the total dipole-nucleon proton cross-section at large transverse separations between constituents of the dipole. We have found that the neutrino total cross-sections obtained within this model are at ultrahigh neutrino energies significantly smaller than those estimated from the linear BFKL/DGLAP evolution which neglects screening effects. We have observed however that part of this reduction might have been caused by the fact that the GBW model did not include the QCD evolution effects and so it was not sufficiently accurate at very small values of x and large value of the scale Q 2 ∼ M 2 W,Z . In order to overcome this potential deficiency of the GBW model we have performed an estimate of the cross section within the more elaborate framework based on the unified BFKL/DGLAP scheme supplemented by the non-linear screening effects. Contrary to the simple GBW model this framework contained complete BFKL and DGLAP evolution including the subleading BFKL contributions. We have shown that all these effects are important in the region of very small values of x and large scales which is relevant for the interactions of ultrahigh energy neutrinos. The non-linear screening effects were still found to reduce appreciably the neutrino cross-sections at ultrahigh energies yet their effect turn out to be milder than in the case of the simple GBW model. We have also presented a very approximate estimate of the nuclear shadowing effects on further reduction of the cross-sections.
To summarise we have shown that the screening effects may play non-negligible role in the extrapolation of the neutrino cross-sections towards the ultrahigh energies.
For simplicity we regard α s as fixed parameter and will put its argument at the end. It is convenient to introduce the functionsÑ (l, b, x) andñ(l, x) defined as below:
we get
The kernel K in equation (43) is the LO BFKL kernel. Using equations (37) and (39) we transform equation (43) into an equation for the unintegrated gluon distribution:
where following ref. [21] we set argument of α s equal to k ′2 in the non-linear term. Finally supplementing the linear evolution by the subleading BFKL effects generated by the consistency constraint and the DGLAP contributions resulting from the non-singular parts of the P gg splitting function and quarks we get equation (17) . Following ref. [20] we set argument of α s in the linear term equal to k 2 .
Appendix B
In order to solve equation (24) we use the Tchebyshev interpolation formula:
where T n (z) are the Tchebyshev polynomials, v 0 = 1/2 and v n = 1 for n > 0. The variables τ k 2 , τ i and k 
where we set k 2 0 = 1GeV 2 , k 2 max = 10 6 GeV 2 . Combining the Tchebyshev interpolation formula (46) with equation (24) we reduce this equation to a system of the non-linear differential equations for the functions f (x, k 2 i ). This system is solved using the standard Runge-Kutta method and the function f (x, k 2 ) calculated from (46) for arbitrary value k 2 in the region k 
